We analyze the relationship between two compactifications of the moduli space of maps from curves to a Grassmannian: the Kontsevich moduli space of stable maps and the Marian-Oprea-Pandharipande moduli space of stable quotients. We construct a moduli space which dominates both the moduli space of stable maps to a Grassmannian and the moduli space of stable quotients, and equip our moduli space with a virtual fundamental class. We relate the virtual fundamental classes of all three moduli spaces using the virtual push-forward formula. This gives a new proof of a theorem of Marian-OpreaPandharipande: that enumerative invariants defined as intersection numbers in the stable quotient moduli space coincide with GromovWitten invariants.
Introduction
The Kontsevich moduli space of stable maps to Grassmannians and the moduli space of stable quotients of Marian-Oprea-Pandharipande are two compactifications of spaces of curves on Grassmannians. These moduli spaces come equipped with virtual classes in the sense of [3] , [12] . The purpose of this paper is to understand the relation between the two virtual fundamental classes and thus provide a new proof of a theorem in [17] : that enumerative invariants defined as virtual intersection numbers in the two moduli spaces coincide. We do this by constructing a new moduli space of map-quotients which dominates both the moduli space of stable maps and the moduli space of stable quotients. We endow this space with a virtual class and determine its relation to the virtual classes of the moduli of stable maps and stable quotients using the virtual push-forward theorem [16] .
In the following we briefly review the main definitions and we outline the main constructions.
Stable maps and stable quotients
Stable maps to Grassmannians. Let G(k, r) be the Grassmannian of kplanes in the r-dimensional affine space. Let (C, p 1 , ..., p n ) be a nodal curve of genus g with m distinct markings which are different from the nodes. By the universal property of Grassmannians giving a degree d map from C to G(k, r) is equivalent to giving an exact sequence
where S is a rank k vector bundle of degree d and Q is a vector bundle. A map is called stable if its degree is positive on each unstable contracted component. It has been shown in [20] that this is equivalent to
being ample on C for ǫ > 2. The moduli space of degree d stable genus g maps with n marked points to G(k, r) wil be denoted by M g,n (G(k, r), d). ǫ is ample onĈ for every strictly positive ǫ ∈ Q. The moduli space of degree d stable genus g quotients with n marked points will be denoted by Q g,n (G(k, r), d).
The space Q g,n (G(k, r), d) is another compactification of the space of genus g curves with n marks in the Grassmannian G(k, r).
Morphisms between moduli spaces of stable maps and moduli spaces of stable quotients. Marian-Oprea-Pandharipande showed in [17] that if k = 1 then there exists a morphism of stacks c : M g,n (G(k, r), d) → Q g,n (G(k, r), d).
On points c is obtained in the following way. Let C 0 i be the rational tails without marked points of a stable maps (C, p 1 , ..., p n , f : C → G(k, r)). Let us suppose that the degree of f restricted to C 0 i is d i . LetĈ be the closure of C\C 0 i in C and let p : C →Ĉ be the morphism contracting C 0 i . Let We show that for k > 1 there is no such morphism: see Example 3.6.
Stable map-quotients
Below we define a proper DM-stack M Q g,n (G(k, r), d) with the following properties namely we will construct functorial spaces P andP which contain Bun g,n (k, d) and M Q g,n (G(k, r), d) respectively.
Relation to other works In the past years many birational models of moduli spaces of stable maps have been constructed for particular targets. These include: moduli spaces of weighted stable maps introduced by Bayer and Manin [1] , the moduli spaces defined by Mustaţȃ-Mustaţȃ [18] , moduli spaces of stable quotients of Marian, Oprea and Pandharipande [17] with a more general version introduced by Toda [20] , moduli of stable toric quasimaps [5] and finally, moduli spaces of stable quasi-maps to GIT quotients [6] introduced by Ciocan-Fontanine, Kim and Maulik which generalize [17] , [20] and [5] . These spaces are particularly interesting because they represent some natural functors and because they lead to invariants which are closely related to Gromov-Witten invariants. The stable quasi-map invariants (or variants of them) are also easier to compute in some cases (see [11] ). It is therefore interesting to compare quasi-map invariants to Gromov-Witten invariants. This has already been done for stable quotients in [17] and [20] by localization. Our approach is completely different and the main hope is that it will shed light on similar questions. More precisely, we first construct (a rather unnatural) auxiliary moduli space with a virtual class and then relate this virtual class to the virtual classes of the original spaces. We emphasize that this can be done with very little information on the auxiliary moduli space (e.g we do not know whether it has an absolute perfect obstruction theory). As regarding the birational geometry of moduli spaces of stable maps to GIT quotients little is known: divisors on moduli spaces of maps stable maps were studied mostly in genus zero and for homogeneous spaces (see e.g. [7] , [8] , [9] ). The special feature in our case is that there is a morphism from an open dense set of the moduli space of maps to Grassmannians to the moduli space of stable quotients. This morphism does not extend in general. The proofs of these facts are essentially the same as the ones in [19] . As a final remark, one could hope that the techniques in this paper easily extend to the case of quasi-maps to GIT quotients. This is unfortunately not true as in general there is no map from an open dense set of the moduli space of stable maps to the moduli space of qusi-maps. This fact introduces extra challenges at level of virtual classes comparisons and it will be treated elsewhere.
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Moduli of Bundles

Moduli of bundles over nodal curves
We review a few results concerning the existence and properties of stacks of vector bundles over prestable curves.
Moduli of prestable curves. Let us first fix notations. Let g ≥ 0 and n ≥ 0 be integers. We denote by M g,n the Artin stack of prestable curves of genus g with n marked points. As in the case of stable curves, M g,n+1 is the universal curve. Definition 2.1. Let C be a nodal curve. A connected rational component (not necessarily irreducible) C 0 with no marked points such that C 0 intersects the rest of the curve in exactly one point is called a rational tail. Definition 2.2. In the following we denote by M rt g,n the divisor of M g,n whose points are curves which have rational tails and by M rtf g,n be the open substack of M g,n , whose points are rational tail free curves. Proof. Let S rtf be the open substack of S, whose points are rational tail free curves. Let S ′ g,n be the set of pairs (C,Ĉ) ∈ S × S rtf such that there exists p : C →Ĉ which contracts rational tails with no marked points and is the identity on the complement of such curves. In order to show that S ′ is a substack of S × S rtf we show that we are under the hypothesis of Example 4.19 in [4] . It is clear that any cartesian diagram arrow whose target is in S ′ is also in S ′ . Let now B i be a covering of B and suppose that S×S rtf (B i ) ∈ S g,n (B i ). Then we need to show that S×S rtf (B i ) ∈ S ′ (B).
As p i is the identity away from rational tails we can glue along p i to get a global p : C →Ĉ. The algebraic S ′ has a projection p 2 : S ′ → S rtf . We next prove that
We claim that p 1 : S ′ → S is separated. As p 1 is also one to one we have that p 1 is an isomorphism. Let us sketch the proof of the claim. It is enough to show that given a family of curves C → ∆ and a projection p : C →Ĉ over ∆ * , p extends uniquely over ∆. It is clear that any component of C whose fibers are rational tails can be contracted so we may assume that C is smooth. As rational tails in C are chains of P 1 's with negative self intersection there exists a unique contraction map p : C →Ĉ.
Moduli of bundles over prestable curves. Let Bun g,n (k, d)(B) be the category whose objects are pairs (C, S), where
• C → B is a family of prestable curves of genus g with n sections
• S is a vector bundle of rank k and degree d.
Isomorphisms: An isomorphism
is an automorphism of curves [14] we have that Coh M g,n+1 /Mg,n is an Artin stack. It can be easily seen that Bun g,n (k, d) is a substack of Coh M g,n+1 /Mg,n (see [6] for more details and generalizations). Let S denote the universal bundle on the universal curve on Bun g,n (k, d). We will also consider moduli spaces of vector bundles on curves with stability conditions as follows.
is ample. As ampleness is an open condition Bun
be the morphism which forgets the bundle. The morphism φ is smooth as the relative obstruction in a point (C, S) is
Construction 2.6. Consider the stack Bun g,n (k, d) rt defined by the following cartesian diagram Without loss of generality we may assume that the divisor consisting of curves with rational tails is irreducible, otherwise we repeat the construction for each component. Let a be the degree of ∧ k S ∨ restricted to the locus consisting of rational tails. As (
is trivial on the locus consisting of curves with one rational tail. As C is relatively normal it follows that L is trivial on all rational tails and π relatively ample on the complement of this locus. This shows that L m is base point free for a sufficiently large m. Let
As L m is π-relatively base point free it determines a morphism p : C →Ĉ.
We have thatĈ → B is a family of genus g curves and as Bun ǫ g,n (k, d) is reduced, we obtain thatĈ is flat over Bun ǫ g,n (k, d).
The most balanced locus
Construction 2.9. Let Bun 0,n (k, d) bal be the substack of Bun 0,n (k, d) such that on every component of a rational curve C the bundle S is the most balanced one. More precisely, if C i is a rational component of C such that
where a i , k 1 are the unique integers such that
) is the support of the sheaf π * Ext 1 (S, S).
) whose points are bundles on curves, which are balanced on the rational tails as explained above.
and the complement has codimension at least 2.
Proof. This follows just as before. Let p : C →Ĉ the morphism from Lemma 2.8 and let Z be the support of the sheaf p * Ext 1 (S, S).
) and Z has codimension at least 2.
We recall here a cohomology and base change Lemma from [19] (Lemma 7.1 in [19] ). Lemma 2.13. If S is a vector bundle on a family of curves C → B such that R 1 p * S = 0, then p * S is a flat family of coherent sheaves over B and formation of p * S commutes with arbitrary base change B ′ → B.
Proposition 2.14. There exists a morphism
Proof. The proof follows essentially from [19] . Let C be a flat family of curves over a base scheme B. Let D i be the intersection of the divisor Bun ǫ g,n (k, d) rt with C. Suppose that on each rational tail S splits on D i as
Then R 1 p * S((a i + 1)D i ) = 0 and from Lemma 7.1. in [19] we obtain that p * S((a i + 1)D i ) is a vector bundle.
Construction of Bun
The goal of this section is to find a stack Bun g,n (k, r, d) which surjects to Bun g,n (k, d) and a morphism Bun g,n (k, r, d) → Bun g,n (k, d) rtf which extends the morphism r.
Notation 2.15. Let C be a family of nodal curves over a scheme B. We denote by U the complement of the locus of rational tails in C. By Proposition 2.3 there exists a family of rational tail free curvesĈ and a morphism p : C →Ĉ. Note that U can be identified canonically with the complement of the image of p inĈ. By abuse of notation we say that U is also an open subset ofĈ.
Construction 2.16. Let P(B) be the category whose objects are
with C,Ĉ flat families of curves of genus g, S is a vector bundle of rank k and degree d on C andŜ is a vector bundle of rank k and degree d onĈ, such that the following conditions hold 1. p : C →Ĉ is the morphism of B-schemes from lemma 2.8
2. the restriction of ρ to U is an isomorphism
and P ∈Ĉ such that the fiber of p over P is one dimensional we have that length(τ P ) > 0.
5. the number of components of C is bounded by some N .
Isomorphisms: An isomorphism
is an automorphism of curves
together with isomorphims and θ :
is the isomorphism of sheaves induced by θ followed by the isomorphism p * φ * S ′ ∨ ≃φ * p * S ′ ∨ from Lemma 2.13.
Remark 2.17. Although P and subsequently Bun g,n (k, r, d) depends on N we will omit N from the notation. In the next section N will be some large enough number (see Remark 3.2 for more details).
Let ϕ : B ′ → B and let us consider the following cartesian diagram 
is flat over B.
Proof. This follows from [19] . Let I be an ideal sheaf of a subscheme of B.
Tensoring (4) with Q we obtain a sequence Proof. By condition (2) we have that
is generically injective in every fiber of C → B. By Lemma 2.18 we have that the restriction of ϕ * ρ is injective on U . As ρ is surjective on U , we have thatφ * ρ is surjective on U . This shows that ϕ * ρ is an isomorphism on U . As H 1 (C 0 , S ∨ ) = 0 for any fiber C, we have by Lemma 2.13 that cohomology commutes with base change. This giveŝ
Combining the two relation we obtain the conclusion.
Proposition 2.20. The functor P is an Artin stack.
Proof. Let S ⊂ M g,n be the subset of finite type of curves with at most N components and let π : C → S be the universal curve. Consider
) the π-relative Quot scheme and let F be the universal quotient. Similarly, letŜ ⊂ M rtf g,n the image of S via the morphism which contracts rational tails and π :Ĉ →Ŝ be the universal curve. Consider X m = Quot m (O(−m) P (m) ) the π-relative Quot scheme. By [14] we have that
) is an Artin stack. Let H be the locally closed locus in
defined by the the following 1. the universal quotient F ′ on the second factor is locally free 2. F(l) and F ′ (m) are generated by global sections and higher cohomology of F(l) and F ′ (m) vanishes
Let us explain Condition 3 above. Denote by 0
We have that G l,m = Gl l × Gl m acts on A. We would now like to take ∪ l,m A l,m /G l,m but in general such a quotient would only define a 2-stack. Let us further sketch how to describe P as a quotient of a scheme by a group. The construction is rather standard. Take H ′ as in [17] Section 6.1. More precisely H ′ is a subscheme of Hilb(P(V )) × P(V ) n , where Hilb(P(V )) is the Hilbert scheme of of genus g curves and degree F = 1 − g + k(d + 1)(2g − 2 + n) + kd for k ≥ 5 in the projective space P(V ) with V ≃ C F . Then H ′ comes equipped with a universal curve C ′ , a contraction of rational tails C ′ →Ĉ ′ and a PGL(V ) action. If in the above construction we replace C by C ′ andĈ byĈ ′ we get a scheme A l,m = X l ×Ĉ ′ H with H a subscheme of HomX
. This concludes the proof.
Remark 2.21. By the stability condition for stable maps implies that the restriction of S ∨ to any rational tail has positive degree. This together with condition 4 in Construction 2.16 shows that the restriction ofŜ ∨ to any unstable component ofĈ has positive degree. This means that ω( p i ) ⊗ ∧ k S ǫ is ample for any ǫ > 0.
Lemma 2.22. There exists a morphism
This is essentially Proposition 7.2 in [19] . Let
where ρ is the map induced by S ∨ D a i → S ∨ (a i D i ). The map is well defined since p * S(−a i D i ) is a vector bundle by Lemma 1.7 in [19] . Proof. Let U be the product Bun g,n (k, d) × Mg,n M sm g,n , where M sm g,n is the locus in M g,n of smooth curves. Then U is an open substack of Bun g,n (k, d). As Bun g,n (k, d) is irreducible it is enough to show that U has pure dimension equal to the dimension of Bun g,n (k, d). For this we show that
Objects of U are pairs (S ∨ , S ∨ ρ → S ∨ ) with ρ an isomorphism and any such object is isomorphic to (S ∨ , S ∨ id → S ∨ ) by composing ρ with ρ −1 . It is clear that any isomorphism of (S ∨ , S ∨ id → S ∨ ) induces an isomorphism of S. Vice versa for any automorphism θ of S there exists a unique automorphismθ = θ of S such that the diagram commutes
This concludes the proof.
Remark 2.26. We have a diagram
Bun g,n (k, d)
Proof. We have a morphism
We define π i to be the composition of the natural projection of the product to the i'th factor composed with the above map.
3 Stable map-quotients
Construction
In this section we construct a proper algebraic stack which surjects to both moduli spaces of stable maps to G(k, n) and stable quotients. 
for each morphism
the following diagram commutes
O ⊕r C s / / S ∨ θ φ * O ⊕r C ′ φ * s ′ / / φ * S ′ ∨
We call a point inP a map-quotient or for short an m&q.
Remark 3.2. Here we do not need to impose that the number of components of C is bounded as for any stable map (C, p 1 , ..., p n , f ) there exists an N depending on g, n and d such that C has at most N components.
Remark 3.3. Let us show that Condition 2 in Definition 3.1 is equivalent to the one in [17] . Given a stable quotientŜ → O ⊕r we get by dualizing a morphism O ⊕r →Ŝ ∨ which is generically surjective in all fibers. Conversely, given a morphism O ⊕r →Ŝ ∨ which is generically surjective in fibers we get an injective morphismŜ → O ⊕r whose quotient is flat by Lemma 2.18.
Proposition 3.4. We have an isomorphism of stacks
where N in the definition of P is a number as in Remark 3.2. In particular, P is an Artin stack.
Proof. It follows easily from definitions.
Lemma 3.5. We have a morphism of stacks
Let us show that the map is well defined. Let us consider the composition 0 → S(−a i D i ) → S → O ⊕r and let Q ′ be the quotient. By Lemma 2.18 we have that Q ′ is flat over B. We have that R 1 p * S(−a i D i ) = 0 which implies that the sequence
is exact. This shows that p * S(−a i D i ) is a vector bundle. Let us now consider a second family of stable maps. As M 0,n (G(k, r), d) is irreducible we can find a family of stable maps B ′ whose special fiber is f 0 : C 0 → G(k, r) and general fiber with smooth domain. By proposition 7.3 in [19] the limiting stable quotient over B ′ isŜ withŜ around p generated by {s 1 , x 2 s 2 , xs 3 ..., xs k } As the two quotients are different R does not extend.
We have a morphisms of stacks
which is an immersion of DM stacks. In particular, we have morphisms of stacks
Let us show that R 1 p * Q ∨ is supported on the complement of U inĈ. We have that R 1 p * Q ∨ | U = R 1 p * (Q ∨ | U ) and since p is the identity on U we obtain that
Let us now show that given a stable map m = (C, O r s → S ∨ → 0) and a stable quotient q = (Ĉ, O rŝ →Ŝ ∨ ) there exists at most one mq = (p :
As the map p * s : p * O r → p * S ∨ induced by s is surjective away from torsion and zero on the torsion we obtain that a map ρ : p * S ∨ →Ŝ ∨ such that ρ • p * s =ŝ must be unique.
Corollary 3.8.P is separated.
Then by construction M Q g,n (G(k, r), d) is a substack ofP and it contains the image ofR.
Properties
Let us first show thatP is proper.
Properness
Lemma 3.10. Let C → B be a flat family of curves. Let us assume that B, C are smooth and let D be a −1 curve on C. Then we have that
for any a > 0. Proof.
with a i ≥ 0 and let us assume that a 1 ≤ ... ≤ a k . Let us prove that there exists a vector bundle T on C such that the following conditions are fulfilled 1. we have a morphism T → S which is an isomorphism on C\D
T | D ≃ O ⊕k
Let T 1 be the kernel of the natural projection S → O D (−a k ) so that we have an exact sequence
Restricting the above sequence to D we have an exact sequence
By Lemma 3.10 we have that
Let us assume that
Repeating the above procedure for T 1 instead of S we obtain T as in the above claim. Let S ′ = q * T . We have that S ′ is a vector bundle over C ′ . By construction q * T → q * S is an isomorphism on U . 
We have the following exact sequence
where T is the torsion subsheaf of p ′ * S ∨ . By our assumption p ′ = p over ∆ * . This gives that over ∆ * we have a morphism
As ρ • i(T ) = 0, the universal property of quotients gives that ρ factors (uniquely) through S ′ ∨ . This gives a morphism of locally free sheaves
over ∆ * which is an isomorphism on U * . Dualizing (8) and applying Lemma 2.18 we have thatŜ → S ′ is a flat family of quotients over ∆ * and by the properness of Quot scheme we have
over C ′ . Dualizing again we have
is a flat family of quotients which extends (8) . As C ′ is smooth andŜ ′ ∨ reflexive we obtain thatŜ ′ ∨ is is locally free. By (7) and (10) we have
over C ′ which satisfies the conditions 1-4 from Construction 3.1. Let us prove it also satisfies condition 5. Let τ 1 , ..., τ m be the irreducible components of τ and C 0,1 , ..., C 0,m be the irreducible components of C 0 . As length(τ i ) > 0 over ∆ * for all i we obtain that length(τ i ) > 0 over ∆. This implies that condition 5 in Definition 3.1 is true for the points P ∈ C ′ ∩ C 0 . We now contract the remaining unstable curves in the central fiber. Let p ′′ : C ′ → C ′′ be the contraction of one unstable rational tail and let P the attachment point with the rest of the curve. Let us show that we can find a vector bundle S ′′ and a morphism of sheaves
on C ′ which satisfies the conditions 1-4 from Definition 3.1 and the restriction of S ′′ to the fiber of C ′′ → B which contains P is strictly negative. By Lemma 3.11 we have a bundle T with a morphism T →Ŝ ′ . By construction we have that the restriction of T to the fiber of C ′′ → B which contains P is strictly negative. Dualizing and pushing forward we obtain a morphism
which is an isomorphism on U . By construction T | D is trivial which implies that p ′′ * (T ∨ ) is a vector bundle. Moreover, the restriction of p ′′ * (T ∨ ) to the fiber of C ′′ → B which contains P is strictly positive. This shows that we can take S ′′ = p ′′ * (T ∨ ). Repeating this procedure for all unstable rational tails we may assume that (12) holds for p ′′ : C ′ →Ĉ the contraction of all unstable rational tails. This means that p = p ′′ • p ′ . TakeŜ = S ′′ and by (11) we get a morphism ρ : p * (S ∨ ) →Ŝ ∨ onĈ as in construction (3.1). In the end we contract -2 curves on which S andŜ are trivial.
Obstruction theories
Let us shortly recall a few basic facts about obstruction theories of moduli spaces of stable maps to G(k, r) and stable quotients. Let
be the morphism that forgets the map (and does not stabilize the pointed curve) and
the universal curve over M g,n (G(k, r), d) and let ev denote the evaluation map ev :
is a dual obstruction theory for the morphism p (see [3] ). We call
is the virtual pull-back in [15] . As the moduli space of stable maps, the moduli space of stable quotients 
is a dual obstruction theory relative to ǫ Q . We call
the virtual class of Q g,n (G(k, r), d).
Obstruction theories relative moduli spaces of bundles. In the following we define obstruction theories relative to Bun g,n (k, d). The map
induces a morphism between cotangent complexes and thus we obtain a distinguished triangle
Tensoring the tautological sequence on the universal curve over M g,n (G(k, r), d) with S ∨ M we obtain an exact sequence
which induces a distinguished triangle
By (14), (15) and (16) we see that ρ : p * (S ∨ M Q ) →Ŝ M Q induces a morphism
Lemma 4.2. Let F be the cone of the morphism
Then, F is a perfect complex.
Proof. Let us consider
f : (C, x 1 , ..., x m ) → G a stable map, p : C → C the morphism contracting the rational tails and let x 1 , ..., x p be the gluing points of the rational tails C 0 i with the rest of the curve. Then we need to show that the morphism
is surjective. Since
we need to show that
is surjective. As the quotient of the morphism q * f * S ∨ → p * f * S ∨ ( d i C 0 i ) is supported on points, it has no higher cohomology. This shows that the above morphism is surjective. Proof. From Costello's push forward formula [10] applied to the cartesian diagram M Q g,n (G(k, r), d)
we obtain that The relative obstruction theory of ν M induces a virtual class on M and by Costello's push-forward formula we have that
With this, we have shown that by replacing Bun g,n (k, d) with B we may assume that Bun g,n (k, d) is smooth. As the moduli space of stable quotients is connected ( [13, 20] ) Proposition 4.1 and Lemma 4.2 show that we are under the hypothesis of Proposition 3.14 in [16] which implies that
The conclusion follows from equations (17), (18) and the projection formula.
